Plasma rotation in connection to both zonal and mean (equilibrium) flows can play a role in the transitions to the advanced confinement regimes in tokamaks, as the L-H transition and the formation of Internal Transport Barriers. For incompressible rotation the equilibrium is governed by a generalized Grad-Shafranov (GGS) equation and a decoupled Bernoulli-type equation for the pressure. For parallel flow the GGS equation can be transformed to one identical in form with the usual GS equation. In the present study on the basis of the latter equation we have extended HELENA, an equilibrium fixed boundary solver. The extended code solves the GGS equation for a variety of the two free-surface-function terms involved for arbitrary Alfvén Mach and density functions. We have constructed diverted-boundary equilibria pertinent to ITER and examined their characteristics, in particular as concerns the impact of rotation on certain equilibrium quantities. It turns out that the rotation and its shear affect noticeably the pressure and toroidal current density with the impact on the current density being stronger in the parallel direction than in the toroidal one. Also, the linear stability of the equilibria constructed is examined by applying a sufficient condition.
Introduction
Plasma rotation affects the equilibrium, stability and transport properties of the plasma of a tokamak device. This has been established experimentally as well as theoretically. The appearance of highly peaked density, pressure and temperature profiles, the suppression of some instabilities and the creation of transport barriers, either in the edge region (H-mode) or inside the plasma core (Internal Transport Barriers), are associated with plasma flow (see for example [2] , [3] and the review papers [4] - [5] ). The transport barriers appear to be necessary ingredient towards the fully non-inductive operation of a future reactor [6] . The flows can be driven externally in connection with electromagnetic power and neutral beam injection for plasma heating and current drive or can be created spontaneously (intrinsic flows). Though it is not fully understood how the flow affects the confinement properties and especially the formation of transport barriers, the mode decorrelation and the reduction of turbulence play a significant role. Lately there is evidence that the rotation shear is more important than the flow itself, a fact that re-establishes flow as a key factor for the future big machines as ITER and later DEMO in which due to the large plasma volume it would be difficult to induce large flow velocities. However, the intrinsic rotation in these machines can be important [7] . A possible driving mechanism for the creation of intrinsic rotation in JET is the pressure gradient [8] .
The MHD equilibria of axisymmetric plasmas, which can be starting points of stability and transport studies, is governed by the well known Grad-Shafranov (GS) equation. In addition to analytic solutions of this equation, as the Solovév solution, a number of fixed and free boundary codes have been developed to solve this equation in realistic situations for arbitrary choices of the free functions involved including information from experimental data. In connection with the present study we refer to the HELENA code, a finite element fixed boundary solver of the GS equation in the Integrated Tokamak Modelling-Task Force (ITM-TF) infrastructure. The code is described in Sec. 3. In the presence of flow the equilibrium satisfies a generalized Grad-Shafranov (GGS) equation together with a Bernoulli equation involving the pressure [9, 10] . For compressible flows the GGS equation can be either elliptic or hyperbolic depending on the value of a Mach number associated with the poloidal velocity. Note that the toroidal velocity is inherently incompressible because of axisymmetry. In that case the GGS equation is coupled with the Bernoulli equation through the density which is not uniform on magnetic surfaces. A number of codes have been developed to solve the set of these two equations mainly in the first elliptic region which is experimentally accessible 1 , as DIVA [11, 12] , FINESSE [13] and FLOW [14] . In these codes either an adiabatic or an isothermal equation of state is adopted associated respectively with either isentropic or isothermal magnetic surfaces. For incompressible flow the density becomes a surface quantity and the GGS equation (Eq. (1) below) becomes elliptic and decouples from the Bernoulli equation (see Sec. 2). Consequently one has to solve an easier and well posed elliptic boundary value problem. In particular for fixed boundaries, convergence to the solution is guaranteed under mild requirements of monotonicity for the free functions involved in the GGS equation [15] . Therefore, it is reasonable to extend existing static equilibrium codes for incompressible flows of arbitrary direction. Also, it may be noted that uniformity of the density on magnetic surfaces is compatible with the TRANSP code [16] which assumes the density as a flux function. However, it should be clarified that since density deviations on magnetic surfaces have been observed experimentally, both compressible and incompressible equilibrium codes help in obtaining a more complete physical understanding.
The stability of fluids and plasmas in the presence of equilibrium flows non parallel to the magnetic field remains a tough problem reflecting to the lack of necessary and sufficient conditions. Only for parallel flows few sufficient conditions for linear stability are available (e.g. [17] - [18] ). Also, stability in the framework of normal mode analysis leads to a complex eigenvalue problem due to the antisymmetric properties of the force operator associated with the convective flow term in the momentum equation. Despite this difficulty, normalmode-based stability studies have revealed that plasma flow can be a stabilising factor for the resistive wall mode [19, 20, 21, 22] by mitigating the mode while in turn the mode is braking the rotation. The rotation threshold, under which the mode is observed, appears to be a small fraction of the Alfvén frequency, though the experimental results on that point are not clear [20] . In addition, a connection between the plasma rotation and the error field is believed to affect the stabilization of the mode. Regarding the neoclassical tearing modes, reducing plasma rotation results in a deterioration of stability and an increase in the size of saturated islands [23, 24] . Therefore plasma rotation seems to be a key element for most -if not all-of the Advanced Tokamak Scenarios.
The aim of the present study is to extended the well known and widely used code HELENA [25] for incompressible rotation parallel to the magnetic field and to evaluate the impact of rotation on the equilibrium characteristics. It is noted that poloidal equilibrium flow components are included in the ITM-TF for the first time. The extension of the code is based on Eq. (1) which under an integral transformation can be but in a form identical with the usual GS equation. In addition we will examine the linear stability of the equilibria constructed by means of a pertinent sufficient condition [26] .
The report is organised as follows. The GGS equation for plasmas with incompressible flow is reviewed in Sec. 2. In Sec. 3 the HELENA code is extended for rotation parallel to the magnetic field, particular equilibria are constructed and the impact of rotation and its shear on certain equilibrium quantities is examined. The linear stability of the equilibria constructed is studied by applying the stability condition of Ref. [26] in Sec. 4 and the results are compared with those of previous studies mainly based on analytic equilibrium solutions. Section 5 summarises the main conclusions.
Generalized Grad Shafranov equation
The equilibrium of a magnetically confined plasma with incompressible flow of arbitrary direction satisfies the following generalized GS equation (GGS) [27, 28] :
Here, the poloidal magnetic flux function ψ(R, z) labels the magnetic surfaces, where (R, φ, z) are cylindrical coordinates with z corresponding to the axis of symmetry; M p (ψ) is the Mach function of the poloidal fluid velocity with respect to the poloidal Alfvén velocity; X(ψ) relates to the toroidal magnetic field,
is the electrostatic potential; for vanishing flow the surface function P s (ψ) coincides with the pressure; B is the magnetic field modulus which can be expressed in terms of surface functions and R; ∆ ⋆ = R 2 ∇ · (∇/R 2 ); and the prime denotes derivatives with respect to ψ. Because of incompressibility the density ρ(ψ) is also a surface quantity and the Bernoulli equation for the pressure decouples from (1):
where υ is the velocity modulus. The quantities M p (ψ), X(ψ), P s (ψ), ρ(ψ) and Φ(ψ) are free functions. Derivation of Eq. (1) is based on the following two steps: first express the divergence free fields (B, j and ρv) in terms of scalar quantities and second, project the momentum equation, ρ(v ·∇)v = j×B−∇P , and Ohm's law, along the toroidal direction, B and ∇ψ. The projections yield four first integrals in the form of surface quantities and Eqs. (1) and 2. Details are given in [27] - [29] . As already mentioned in Sec. 1 the decoupling of the GS equation from the pressure equation due to the incompressibility is the major difference between the current work and other models considering compressible flows associated with alternative equations of state. In the latter cases, the pressure equation needs to be solved simultaneously with the GS equation, while in our case, one has to just solve the GS under appropriate boundary conditions. Then, the Bernoulli equation is used as a formula to obtain the pressure. Eq. (1) can be simplified by the transformation
under which (1) becomes
Note that no quadratic term as |∇u| 2 appears any more in (5). It is emphasized that once a solution of (5) is obtained, the equilibrium can be completely constructed with calculations in the u-space by employing (3), and the inverse transformation
Specifically one finds
For parallel flows (Φ ′ = 0), Eq. (5) reduces in form to the usual GS equation. Also, in this case it can be shown that the poloidal, toroidal and total velocity Alfvén Mach numbers are exactly equal; henceforth the total velocity Mach number will be indicated by M . Moreover, in this case, setting
where K is a scalar function, applying the divergence operator and taking into account the continuity equation, ∇ · (̺ υ) = 0, one obtains ∇K · B = 0 which means that the free function K is a surface quantity [30]
Making use of Eq. (11) the Bernoulli equation 2, in the case of parallel plasma rotation can be written as
3 Extension of the HELENA code
The code HELENA, is a fixed boundary equilibrium solver [31] available on the EFDA ITM Gateway and used for ITM-TF purposes. The static GS equation used in the code is written as:
HELENA solves Eq. (6) for a toroidal axisymmetric plasma by use of isoparametric bicubic Hermite finite elements. The main ingredients of the numerical algorithm is the Galerkin method, a non linear iteration scheme leading to a set of linear equations for each step of the iteration, and the use of straight field line coordinates. The function ψ is specified to assume a certain value on a predefined boundary which for HELENA is the last closed flux surface of its computational domain. This numerical technique yields very accurate solutions and has good convergence properties. Details are provided in [32] . Comparison of (5) for parallel plasma rotation (Φ ′ = 0) with (13) implies the following correspondence:
Therefore, the solver of the static code HELENA can be used to calculate the stationary equilibrium for parallel plasma rotation, though the output will no longer correspond to the "natural" quantities in the ψ-space. In order to preserve compatibility with the conventions established in the former EFDA ITM-TF the calculated by the solver quantities (now in the u-space) must be mapped to the "natural" ψ-space. For the mapping one must consider the following correspondence for the basic quantities: 
By using Eqs. (8), (9) for Φ ′ = 0, Eq. (12) and (17)- (19), we get the following expressions for the magnetic field, current density and pressure.
where the subscript HELENA refers to the computed by the solver quantities.
It is emphasized that any solution of (13) , and therefore of the extended code, holds for arbitrary Mach numbers M (u) and densities ̺(u). We have obtained a variety of equilibria by running the extended code. An example showing the magnetic surfaces of an ITER-relevant solution associated with input values of Table 1 is given in Fig. 1 .
This input for the solver is the 35441 shot of the ITM database within the infrastructure of the former EFDA ITM-TF. The input parameters of the code remained the same and together with the boundary, the pair of the free flux functions P ′ and F F ′ were chosen as input along the geometric centre, the vacuum magnetic field and ψ at the boundary. The results were obtained by means of a simple Kepler workflow which reads the input CPO of the shot, runs the HELENA code and stores the results in a CPO saved in the user's local database. It must be noted here that all the quantities that are stored in the CPO are in the ψ-space either via the transformation (such as the current densities, the pressure etc. as mentioned before) or by directly applying the inverse transformation (6), such as the poloidal flux function ψ.
To construct completely particular equilibria we have made several choices of the free function M 2 (u), e.g., Here, u b refers to the plasma boundary; the free parameter M 2 0 correspond to the maximum value of M 2 ; and m and n are related to flow shear and the position of the maximum M 2 . In particular, (23) is peaked on-while (24) peaked off-axis in connection with respective auxiliary heating of tokamaks. Note that for parallel rotation there is no need to specify the density because it can be eliminated. Plots of M in connection to (23) and (24) for different values of the free parameters are given in Figs. 2 and 3 respectively. In general the rotation has a rather weak contribution to Eq. (5). However, as already mentioned in Sec. 1, it is the velocity shear that is more important for the transition to improved confinement regimes in tokamaks than the velocity amplitude.
It is noted here that although Eq. (5) (with Φ ′ = 0) is identical in form with (13) we benchmarked the extended code against a generalized Solovév solution for parallel rotation involving M 2 [33] . The agreement is very good as shown in Figs. 4 and 5 for the pressure and the toroidal current density respectively.
By varying the rotation parameters (M 0 , n, m) of the Mach number profile we examined the effect of rotation in certain of the basic equilibrium quantities. It is noted here that we consider the system without external momentum and energy sources and therefore the total energy of the system is kept constant regardless of the the nature of the rotation. Also, in the case of intrinsic rotation sources are not necessary. This is consistent with a desirable long term operation of a tokamak reactor after potential initial external energy and momentum sources have been removed. Regarding the pressure, on the basis of Eq. (22) for given P s plasma rotation is expected to reduce the pressure values in comparison with the static ones. It appears that both the values of the Mach number and the shear of its profile affect the pressure. This result is different than that from code DIVA [12] due either to the direction of the rotation or to compressibility. It is worth noting that in the case of the off-axis localised rotation (Fig. 6) , the effect on the pressure profile is significant compared to the on-axis case (Fig. 7) for the same values of M 0 , n and m. This is reasonable since in the off-axis case the values of the Mach number profile in Eq. (22) away from the magnetic axis are comparably larger than the on-axis-profile ones with respect to the static pressure term. Though for experimentally accessible velocity values on axis the effect on the pressure profile is small, the change in the shape of the profile can possibly affect the growth rate of pressure gradient driven modes as well as the intrinsic rotation [8] . This also holds for the off-axis rotation; also the values of the M 0 that affect significantly the pressure are possibly accessible experimentally. In addition this type of profile is more probable for ITER which will exhibit a larger moment of inertia compared to present day tokamaks [34] . One more notable point is that for off-axis rotation the pressure profile is compatible with experimental results associated with the formation of either Internal Transport Barriers or edge barriers (H-mode). Specifically the pressure profile exhibits a steepness region where the maximum of the Mach number profile is located. In fact plasma rotation is associated with mode decorrelation resulting in the reduction of transport coefficients and eventually the formation of a transport barrier. On physical grounds, the increase of the steepness of the pressure profile is related with the formation of this barrier in connection with the flow. Also, since the rotation decreases the pressure and increases the toroidal magnetic field (see Eqs. (7) and (20)) it is expected that in the presence of rotation the toroidal beta will decrease. Both the maximum value of M 2 and its shear contribute to this reduction as indicated by the results quoted in Table 2 .
Paying attention to the current density, one can conclude that the off-axis rotation affects the profiles more than the on-axis as can be seen in Figs. 8-11 . This implies that the rotation shear is more important for the shaping of the plasma current density than the rotation itself. Therefore even for small values of the Mach number the impact of rotation shear on the current density can be significant. Comparison of Figs. 8-10 and 9-11 shows that for each individual Mach number profile the impact of parallel rotation on the parallel current density is stronger than on the toroidal component of the current density. This indicates that there is a correlation of the direction of the rotation and the corresponding direction of the current density. Experimentally, the co-current direction of rotation results in better quality ITBs for the electron temperature [35] . Analysing the current density in two components, a toroidal and a poloidal one, we can conclude that the plasma rotation affects more the poloidal component of the current density than the toroidal one. Taking into account that the plasma rotation is parallel to the magnetic field and the toroidal component of B is dominant over the poloidal one we conclude that also the toroidal component of the rotation is the dominant over the poloidal one and in turn affects the poloidal current density more than the toroidal current density. 
Stability consideration
We now consider the important issue of linear stability for the equilibria constructed with respect to small magnetohydrodynamic perturbations by applying the sufficient condition of [26, 36] . This condition states that a general steady state of a plasma of constant density and incompressible flow parallel to B is linearly stable to small three-dimensional perturbations if the flow is sub-Alfvénic (M 2 < 1) and A ≥ 0, where A is given below by (25)- (29) . Note here that if the density is uniform at equilibrium it remains so at the perturbed state because of incompressibility. For axisymmetric equilibria in the ψ-space A assumes the 
with B and J given by Eqs. (20) and (21) . The quantity A 1 being always negative consists a destabilizing contribution potentially related to current driven modes. The other terms can be either stabilizing or destabilizing. Specifically, the term A 2 relates to the current density and the variation of the magnetic field perpendicular to the magnetic surfaces. A 3 and A 4 are mostly flow terms because they vanish in the absence of flow. A 3 additionally depends on the variation of the magnitude of the magnetic field perpendicular to the magnetic surfaces while A 4 depends on the pressure gradient through the quantity g. The flows satisfying (5) are inherently sub-Alfvénic because of the transformation (3). Derivation of the condition is provided in [26] . Here it is just noted that it comes from the global requirement of non-negativeness of an integrand unlike usual local requirements associated with stability criteria for static equilibria, e.g. the Mercier criterion for localized interchanged modes.
The condition was applied with the aid of Mathematica to equilibrium outputs from HELENA which were interpolated by 5 th order splines assuring the necessary continuity of derivatives up to second order. Due to the fact that spline interpolation in Mathematica works only for structured grid an additional step was necessary. The appropriate output of HELENA was initially parsed to MATLAB which mapped it to a structured grid by means of Delaunay triangulation. The procedure was benchmarked against the Solovév solution showing accuracy up to order 10 −10 . The results show that for 17 flow profiles examined, including the static one, the condition is not satisfied within the plasma region. Evaluating the impact of plasma rotation on the midplane z = 0 at the points where the Mach number exhibits its maximum and at the points where |dM/dψ| is maximum we concluded that the rotation (through the terms A 3 and A 4 ) can be spatially in part destabilizing and in part destabilizing. Also, this can be seen in Fig. 12 where the individual terms consisting A are plotted on the mid-plane z = 0. The term A 2 related the magnetic shear is stabilizing but can not overcome the destabilizing term A 1 . Also, the flow term A 4 has a weaker destabilizing contribution and A 3 is stabilizing in the inner region close to the axis of symmetry and destabilizing in the outer region. It should be clarified here that the term "stabilizing" ("destabilizing") has the meaning of a non-negative (negative) contribution to A. However, since the condition is sufficient, A < 0 does not imply instability but indecisiveness.
In previous studies we made a similar stability study on the basis of analytic or quasianalytic solutions of the GGS equation (5) for parallel rotation in plane [37] , translational symmetric [38] and axisymmetric toroidal [39] geometries. In these studies it turned out that the condition A ≥ 0 is satisfied in a major part of the plasma. Stabilization is caused mainly by the term A 2 in conjunction with equilibrium non-linearity with a weaker stabilizing contribution from the rotation and its shear. Also, certain results indicate that the equilibrium nonlinearity activates flow stabilization. In the present case, the input profiles are linear and that may explain the destabilizing results. In other studies [40, 41] it turned out that the flow terms A 3 or A 4 are destabilizing. The above mentioned results and those of the present study clearly indicate that the impact of rotation and its shear on stability is far from universal; depending on the particular equilibria and the shape of the rotation profile the rotation can be either stabilizing or destabilizing.
Conclusions
We extended the HELENA fixed boundary equilibrium solver to equilibria with incompressible plasma rotation parallel to the magnetic field. The pertinent GGS equation by means of an integral transformation is put in a form identical to the usual static GS equation. This transformation which maps the poloidal magnetic flux function ψ to another flux function u leaves the shape of the magnetic flux surfaces intact just relabelling them. Via this and the inverse transformation the calculated by the solver quantities in the u space, are mapped to the ψ-space. The code was run in the EFDA ITM-TF infrastructure with input shot 35441 developed for ITER simulations. A simple workflow in the Kepler environment was used for reading the input CPO of the shot and storing the results locally in the user's database.
On the basis of the equilibria constructed by the extended code we examined the impact of rotation and its shear on the pressure, toroidal current density and toroidal beta. As expected the pressure is reduced by the rotation. For localised flow the shape of the pressure profile resembles that observed in advanced confinement regimes. Specifically, owing to the plasma rotation, a rapid decrease in the pressure values accompanied by a flat region is evident around the maximum of the Mach number profile when this profile is peaked off-axis. The effect of peaked on-axis plasma rotation on the pressure profile is weaker due to the larger relative values of the pressure in the core region. The effect of rotation on the current density is similar to that on the pressure with the additional remark that the impact of the parallel to the magnetic field rotation is stronger on the poloidal current density than that on the toroidal one. This result suggests that there is correlation between the direction of the rotation components and the corresponding components of the equilibrium current density.
Furthermore, we examined the linear stability of the equilibria constructed by means of a sufficient condition. The results were inconclusive because the condition was satisfied nowhere in the plasma for a variety of the Mach num-ber profiles examined. A detailed evaluation of the individual terms consisting the pertinent stability quantity A (Eqs. (25)- (29)) showed that the variation of the magnetic field perpendicular to the magnetic surfaces, related to the magnetic shear, is stabilizing but, for the equilibria considered, can not overcome a destabilizing contribution potentially related to current driven modes. Also, depending on the spatial position a weaker impact of the flow can be either stabilizing or destabilizing in consistence with previous stability studies.
It is interesting to extend further the code in two respects: First, for non parallel incompressible flow associated with electric fields which play a role in the transitions to improved confinement regimes. This can be done on the basis of Eq. (5) by including the R 4 -term with the differential part of the equation remaining unaffected. Second, in the presence of pressure anisotropy which for compressible flows has already been considered in the FLOW code.
